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Abstract—We investigate a stochastic evolution equation of a special type. We use it to develop a
linear approximation method for the solution of an equation of Navier-Stokes type.
1. INTRODUCTION
The stochastic Navier-Stokes equation has important physical and technical applica-
tions. It describes the behavior of a viscous velocity field of an incompressible liquid
influenced by random internal and external perturbations. Several approximation meth-
ods were developed for this equation; for example, the Galerkin method was investigated
by A. Bensoussan [1], H. Breckner [3], M. Capinski, D. Gatarek [4], A. I. Komech, M.
I. Vishik [9], B. Schmalfuß [14], M. Viot [17]. Other approximation methods involve
the approximation of the Wiener process by smooth processes (see W. Grecksch, B.
Schmalfuß [7]), time discretizations (F. Flandoli, V. M. Tortorelli [6]), approximations
of Wong-Zakai type (K. Twardowska [16]), the diffusion approximation technique (J.
F. Clouet [5]).
The Galerkin method is useful to prove the existence of the solution, but it is com-
plicated for numerical developments because it involves nonlinear terms. In our paper
we give a new approximation method by making use of linear evolution equations (see
equations (Pn) in Section 5), which are easier to study. We also prove that the ap-
proximations converge in mean square to the solution of the stochastic Navier-Stokes
equation. This approximation method make use of stochastic evolution equations of
the special type
t
fr(s)dw(s),
assuming that the stochastic processes are defined on a given complete probability
space, the Wiener process w is given in advance and the hypothesis on A, ß, X, K, 5, ,
mentioned in Section 3 are fulfilled. Bereitgestellt von | Technische Universität Berlin
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In our paper we prove the existence of the solution of this type of equations (see
Theorem 4) and this is the basic result for the development of the approximation method
presented in Section 5. We also give a weak convergence property (see Lemma 4.3) for
the Solutions of equations of the type (ΡΦ,Γ). This result is used to prove the existence
of optimal controls, s soon s in the formulation of a stochastic minimum principle for
the control problem of the stochastic Navier-Stokes equation (see [2], [11]).
Further applications of the equations (ΡΦ,Γ) may be formulated; those equations are
closely related to stochastic equations of Navier-Stokes type and are useful in their
investigation.
The development and Implementation of numerical methods for this type of equations
remains an open problem for further research. For numerical Solutions of stochastic
differential equations we refer the reader to the book of P. Kloeden and E. Platen [8].
2. NOTATION
-^ weak convergence (in the sense of functional analysis)
(Ω, Τ, Ρ ) complete probability space
(Ft)te[o,T] right continuous filtration such that T§ contains all JF-null sets
V* dual space of the reflexive Banach space V
(v*, v) the -application of v* G V* on v € V
3 duality map 3 : V -» V*
£ν(Ω χ [Ο,Τ]) space of all T χ £([0,T])-measurable processes u : Ω χ [Ο,Τ] -> V
that are adapted to the filtration (Ft)t€[Q,T] and
τ
E \\u(t)\\vdt < oo
o
£ξ?(Ω χ [Ο,Τ]) space of all T χ £([0,T])-measurable processes u : Ω χ [Ο,Τ] -> V
that are adapted to the filtration (Ft)te[o,T] and for a.e. (ω, t)
bounded
£>ν(Ω χ [Ο,Τ]) set of ξ e £ξ?(Ω χ [Ο,Τ]) with ζ = νφ,ν G V,φ G £§?(Ω χ [Ο,Τ])
Τ>ν(Ω) set of ξ G £ξ?(Ω) with ξ = νφ, ν € V, φ € £§?(Ω)
t
notation for exp ( / ||Q(s)||v ds j, where (Q(t)) isl. vj > V /te[o,T]
o
a V-valued stochastic process; 6, v are positive constants
3. ASSUMPTIONS
First we state the assumptions about the stochastic evolution equation that will be
considered.
(i) (Ω, T) P) is a complete probability space and (ft)te[o,T] is a right continuous filtra-
tion such that ^o contains all .F-null sets. (w(*))te[o,T] is a real valued Standard
^-Wiener process.
(ii) (V,ff, V*) is an evolution triple (see [20], p. 416), where (V, || · ||v) and (H, \\ -1|)
are separable Hubert spaces, and the embedding operator V c-> H is assumed to
be compact. We denote by (·, ·) the scalar product in H.Bereitgestellt von | Technische Universität Berlin
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(iii) A : V -»· V* is a linear operator such that («4υ,ν) > HHI2/ f°r all i; € V and
(Au, v) = (Av, u) for all u, v G V, where i/ > 0 is a constant and (·, ·) denotes the
dual pairing.
(iv) B : V x V -> V* is a bilinear operator such that
( (u,v),v) = 0 for all u,v G V
and there exists a positive constant 6 > 0 such that
\(B(u,v),z)\2 < b|k||^||u|||H|v||t;||||t;||v for all u,v,z G V.
(v) Χ, Υ G £ν(Ω χ [0,T]) are arbitrary processes with almost surely continuous tra-
jectories in H and
E sup \\X(t)\\2 < oo, E sup ||y(i)||2 < oo.
t€[0,T] t€[0,T]
(vi) Φ € £2ν.(Ω χ [Ο, Τ]), Γ 6 £^(Ω χ [Ο, Τ]).
(vii) G : [Ο, Τ] χ Η -> fi is a mapping satisfying
(a) ||0(t,u) - G(t,v)\\2 < X\\u - v||2 for all t G [0,T], u, v G ff, where λ is a
positive constant;
(b) for each i G [Ο,Γ] the mapping Q(t, -) : ff -» ff is linear;
(c) a i- .vJer^TJforal l e f f .
(viii) ao is a ff-valued ^Ό-measurable random variable such that E ||oo||4 < oo.
4. A SPECIAL STOCHASTIC EVOLUTION EQUATION
In this section we investigate the existence and some properties of the solution of the
following stochastic evolution equation
t
(ΡΦ.Γ) (Z*,r(t),t;) 4-
0
o
t t t
Z*.r(8)),v)dw(s) + J(T(8),v)dw(8)
0 0 0
for all v G V, i G [Ο,Γ], and a.e. ω G Ω, where the stochastic integral is understood in
the Ito sense.
For an arbitrary natural number M G IN and a V-valued process ( Q(t) ) with
^ /te[o,T]
τ
/ ||Q(5)||v ds < oo and sup \\Q(t)\\2 < oo for a.e. u; G Ω
J te(o,T]Bereitgestellt von | Technische Universität Berlin
Angemeldet
Heruntergeladen am | 04.10.18 15:22
32 Hannelore Lisei
we introduce the following stopping tirnes
T , if sup ||Q(t)||2 < M
inf {* G [0,T]: ||Q(i)||2 > M}, otherwise,
l
T, if J\\Q(s)\\*vds<M
o t
inf {* G [0,T] : f\\Q(8)\$ds > Af}, otherwise.
We define
Now we prove a property which is very useful in proving convergence results.
PROPOSITION 4.1 Let (TM) and T be stopping times, such that
lim P(TM<T) = 0.M-+OO
Let (Qn) be a sequence ofprocesses from the space ^ ([Ο,Τ] χ Ω) such that for each
fixed M we have
lim E|Qn(7Af)| = 0
n—>oo
and there exists a positive constant c independent ofn such that
E|£?n(T)|2<c fστ all n G IN.
Then
lim E|Qn(T)|=0.
n—4oo
Proof. Let ε, δ > 0. There exists M0 € IN such that
P(TM 0 <T)< | .
By the hypothesis it follows that for this MO we have
Tl~^OO
Consequently, there exists n<> G IN such that
l
for all n > no- We write Bereitgestellt von | Technische Universität Berlin
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(|Q»(T)| > ή < P (ΤΜΟ < T) + P ({TMO = T) Λ {|Q„(T)| > i})
< l + p
for all n > no. Hence for all δ > 0 we get
lim P (|£η(Τ)| > δ) = 0.
n—»oo \ /
Therefore, the sequence i|Qn(T)|J converges in probability to zero. From the hypoth-
esis it follows that this sequence is uniformly integrable (with respect to ω G Ω). Hence
it converges also in mean to zero
^Ε|ρη(Τ)| = 0.
The proposition is proved.
For each M € IN let TM := min{7^, T^}. From the properties of the stopping times
it follows that
lim TM -T for a.e. ω G Ω, (1)
s soon s
oo
M-l
We define XM(t] := X(t Λ ΤΜ),1"Μ(0 := Υ (t Λ TM) for all t G [Ο,Γ].
For each M G IN we consider:
0
t
,v) ds
, t,) +j( (XM(s),Z^(s)) + B(Z$r(s),YM(s)),v)dS
t
for all v € V, < G [0,T], and a.e. u; € Ω.
Let AI, 2 > · · · ι ΛΠ, · · · € -H" be the eigenvectors of the operator A, for which we con-
sider the domain of definition Dom(,A) = {v G V \ Av € H}. These eigenvectors form
an orthonormal base in H and they are orthogonal in V (see [10], p. 110).
For each n € IN we consider Hn := sp{Ai,A2,. ·· ,An} equipped with the norm
induced from H. We write (Hn, \\-\\v) when we consider Hn equipped with the norm
induced from V. Bereitgestellt von | Technische Universität Berlin
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We define by Πη : H ->· Hn the orthogonal projection of H on Hn
n
t=l
Let Αη, B n, G n : H n χ H n -> #n, be defined respectively by
n
Anu = ]Γ(Αι,/ϋ)^, n(ti,t;) =
t=l
and
Xn := HnX, Yn := nnr, α0η := Πηα0, X?(t) := Xn(t Λ TM), *;Λ/(ί) := yn(i Λ TM)
for all i G [0,T],v G fin and a.e. α; € Ω.
Let n G IN and ψ G £^Hn M . J J v) (Ω x [0) Γ]), 7 G £^n (Ω χ [0, T]). We consider the finite
dimensional evolution equations
t
(Ρη,*ίΊ) (Znt1>*(t),v) -h J(AnZnt1,ti(s),v)ds
0
t
ο
+
ο
t
),V) ds +f( n(s, Znj„(8)),v) dw(s)
ο
and for each M G IN let
0
t
,ynM(s)),t;)ds
o
t t
0
t
+
0 Bereitgestellt von | Technische Universität Berlin
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for all t G [Ο,Τ], i; G Hn, and a.e. ω G Ω.
THEOREM 4.2
(i) For each Φ e £?,. (Ω χ [0,T]), Γ G £j, (Ω χ [0, T]) there exists ΖΨΤ G /$(Ω x t0'TD
satisfying (Ρψ,ρ), and with almost surely continuous trajectories in H. The solu-
tion is almost surely unique, and there exists a positive constant c\ (independent
οίαο ,Φ,Γ) such that
E sup Δν (t)||Z*,r(t)||2 H- E Ay(i)||Z*,r(i)|fr ds
t€[o,T]
<
 Cl [E ||ao||2 + E |||Φ(*)|β.. ds + E |||Γ(5)||2α5] .
(ii) For each ψ Ε £^ηί|Μ|ν)(Ω χ [Ο,Γ]),7 G £//η(Ω x [0,Τ]) there exists Zn,^,7 G
£2Ηη η.||ν)(Ω x [Ο,Τ]) satisfying (Ρη,·ψ,Ί), and with almost surely continuous tra-
jectones in H. The solution is almost surely unique, and there exists a positive
constant ci (independent of n, αο,ψ>7,) such that
τ
Ε sup Ay(t)||Zn)V,f7(t)|p + Ε i
t€[0,T] ' ' J
0
τ r
< c2 [E Haoll2 + E yi|t/>OOI|2ds -h E |||7(s)||2ds].
0 0
Proof. (i) Let Φ G £ξ,.(Ω χ [Ο,Τ]),Γ G £^(Ω χ [Ο,Τ]). For each n G IN let Φη :=
n
^(Ψ,/ΐί)/!», Γη := ΠηΓ. For the finite dimensional evolution equation (P£*yn pn) we
apply the theory of finite dimensional Ito equations with Lipschitz continuous non-
linearities (see [12], Theorem 5.5, p.· 45). Hence there exists a solution Ζ^φ ΓΛ ' G
£|Hn Ι|.|| ν^(Ω χ [Ο,Τ]) of (-Ρ^ψηιρη) and with almost surely continuous trajectories in
H; this solution is almost surely unique.
For notational simplicity we define Z^ := Ζ^ψ
 Γ .
Let M, n G IN. Using the Ito formula, the properties of A, , Q we obtain the
estimate:
E ΔΚΜ (T)||ZnM(T)||2 + E ΔΚΜ (t)||ZnM
(3)
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where c is a positive constant independent of M and n, but it depends on ι/, λ, Τ. \Ve
can write
E
< cexp<
(4)
Hence, for fixed M the sequence (z%* J is bounded in the space £2-(Ω χ [Ο,Τ]). Conse-
quently, there exists a subsequence (nf) of (n) and ZM G £2-(Ω χ [Ο,Τ]) such that for
n
1
 -> oo we have
Zn, -*> Z . (5)
We want to prove that for n' -> oo the weak convergence Bn> (X%!', Z,Jf) —^ (XM, ZA/)
holds in £^.(Ω χ [Ο,Τ]). Let v € V and vn := Πην. We see that
Z?)
Consequently,
- B(XM,ZM),v)
= (B(XM,v) - (B(XM,v),ZM - Z?).
(6)
It holds
τ
E
0
j\\B(X^(s),vn)-B(XM(s),v)\\'2v. ds
Since vn and J\TA/ are the Fourier expansions of v and XM\ respectively, it follows that
τ
toa^EjlMXfMvn) -B(XM(s},v)\\l. As = 0. (7)
o
Using (5), (7) in (6) we get
1
 Since V «-» H we have ||υ||2 < CHvIbll2/ for all v € V.Bereitgestellt von | Technische Universität Berlin
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τ τ
ί(Βη·(Χ»!(8),Ζ%(8)),ξ(8))ά3 = Ε f(B(XJ Jlim En' ->oo
0 0
for all ξ G ZV(H x [Ο,Γ]). Since Bn.(X% ,Z%),B(XM ,ZM) G £2ν.(Ω χ [Ο, Τ]) and
IV (Ω x [Ο, Γ]) is dense in £*.(Ω χ [Ο, Γ]), we have Βη.(Χ^ίΖ^) -» Β(ΧΜ,ΖΜ) for
η' -> οο. Analogously we can prove that Bn>(Z^,Y^f) -* B(ZM,YM) for n1 -> oo.
We take the limit n' — > oo in (P^fy , r , )' use ^ne wea^ convergence (5), s soon s the
strong convergences of (Χ*} to XM and of (ynM) to YM in the space £^(Ω χ [Ο, Τ])
and a well-known result on weak convergence (see [20] Proposition 21.27, p. 261) to
obtain
t t
(ZM(t),v) = (a0,v}-j(AZM(s},v}as+j(B(XM(s),ZM(s)) (8)
0 0
t
+B(ZM(s),YM(s)),v)ds+J(<i(S),v)ds
0 0
for all t; G V and P χ Λ a.e. (ω, t) 6 Ω χ [0, T]. The process appearing in the right
side of (8) has a continuous modification ( s an ff valued process), and this process we
identify with (z^r(t)\ (see [13], Theorem 2, p. 73). So, (z$'r(i)) is a
process from the space £^(Ω χ [0, T]) which has almost surely continuous trajectories
in H and satisfies (P^fr) (identically with (8)) for all v G V, i G [0,T] and a.e. ω G Ω.
By Standard methods (see the final part of the proof) we can prove that the solution of
(ΡΦ[Γ) is almost surely unique.
Let ΩΚ be the set of all ω G Ω such that Ζ£Γ (ω, ·) satisfies (P£r) for all t G [0, T], v G
V and such that Ζ$Γ(ω, ·) has continuous trajectories in H. We define Ω' :=
κ=ι
We also consider
5 :
= U U {^ € Ω'| Τκ = T and 3 i € [Ο,Γ] : z£r(w,t) * Zft· (<",*)}·
Μ=11<Κ<Λ/
We have P (5) = 0, because otherwise tfaere exist two natural numbers Μο,ΚΌ with
KQ < MO such that the set
SM..K« == {ω 6 Ω'|Τ^0 = Γ and 3 ί € [Ο,Τ] :
has the measure P (SMo,K(>) > 0. We define for each i € [Ο,Γ]
Bereitgestellt von | Technische Universität Berlin
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We see that for all ω G SMO,KO there exists t G [0,T] such that Z* (ω, t) ^ ΖΜ°(ω,ί).
This contradicts to t he almost surely uniqueness of the solution of (Ρψ'ρ). Consequently,
P (S) = 0.
We define
A/=l
Obviously P ((Ω' Π Ω") \ 5) = l (see also (2)). Let ω € (Ω' Π Ω") \ 5. For this
ω there exists a natural number M0 such that TM (ω) — T for all M > Λ/0. Hence
) = X(s) and rM(s) = r (5) for all s G [0,T] and for all M > A/0. Equation
implies
(9)
o o
for all M > M0 and all t G [0,T],v € V. We have
τ
lim
M->cx
0
and
t
^
lim sup ||Ζψ ρ (t)
Μ
~*°°ί6[0,Τ]
For each t G [0,T] we define
Ζψ r (α;, <) := Ζ*±(ω, t) = lim
' M->cx>
This definition is correct because ω £ S. Then (9) implies
o
t
0
t
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for all ω G (tt Π Ω") \ 5, t G [0,Γ],ν G V. The process (Z*fr(t))t€[0fT] is ^-valued,
•T7 x [o,r]-measurable, adapted to the filtration (Ft)te[o,T] anc* nas almost surely con-
tinuous trajectories in H, because all Z^r have this properties. For Z$fr we can prove
an analogous inequality s (3). Thus we get
(11)
τ
+Ε
ο
1 1
Ε||α0||2 + Ε|||Φ(5)||2ν.α5 + Ε|||Γ(5)||2ά5],< c
where c is the same constant s in (3).
Now we prove that equation (Ρψ,ρ) has an almost surely unique solution. Let
We assume that Z and Z are two Solutions of (P*, r) which have almost surely continuous
trajectories in H. Then by the Ito formula and by the properties of Λ, Β and Q we
have for each t G [0, T] and a.e. u; G Ω
t
+
 "Jο
ι
vjel(s)\\Z(s^Z(s)\\lds (12)
t
< 2 / β ! ( s ) ( Q ( s , Z(s)} - Q(s, Z(s)), Z(s) - Z(s}) dw(s).
0
This implies
τ
E
Hence Ζ(ω,ί) = Ζ(ω,ί) for P χ Λ a.e. (ω, t) G Ω χ [Ο, Γ]. Using this result and (12) we
<ΊΛ/ΊΙ·Ι/*Α •fVio'fdeduce that
E sup
*€[0,T]
which means that (Ρψ,ρ) has an almost surely unique solution.
(ii) The existence, estimation, and (almost surely) uniqueness of the solution Ζη^>Ί
of (Ρη,^,-γ) can be proved analogously to the proof of (i).Bereitgestellt von | Technische Universität Berlin
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Other properties of the solution of equation (Ρψ,ρ) are contained in the next lemma.
This results have nice applications in the investigation of the control problem concerning
the stochastic Navier-Stokes equation, more precisely in the proof of the existence of
optimal controls and in the formulation of a stochastic minimum principle (see [2], [11]).
LEMMA 4.3 We assume that ΕΔ^2(Τ) < oo. Let (ψη), (7n) be sequences in
£^(Qx[0,T])and£^(nx[0,T]),respectivel7,suchfchat^n 6 £^η>|Μ|ν)(Ωχ[0,Τ]),7η G
£2Hn (Ω χ [0,T]) for each n G IN. If (3ψη) converges weakly to Φ G £^.(Ω χ [Ο, Γ]) and
(7η) converges weakly to T G £# (Ω x [0,T]), then for n ->· oo we have
in £2v(Sl χ [Ο,Γ])
and
in
ΡΤΌΟ/. Because (Jt/>n) converges weakly to Φ € £y-(^ χ [0>^]) and (7„) converges
weakly to Γ € C?H (Ω χ [Ο,Τ]), it follows that there exists a constant 03 > 0 such that
for all n 6 IN
τ
Ε
ο
For simplicity we define Zn := Ζη,ψηίΊη and Z^ := Z^n^n. Applying Theorem 4.2
we obtain
τ
112?η(Τ) - ΖΨ>Γ(Τ)||2 + Ε / Ay(*)||Zn(s) - Z*,r(s)||2v ds j (13)
ο
τ τ
< (ci + c2)(c3 + E||ao||2 + E j\\9(s)\\^.ds + E i\\T(s)\\2ds\.
ο ο
Let ξ G Ρ ν (Ω x [O, T]). Next we will prove that
τ
lim E i (ξ (s), Zn(s) - ΖΦ>Γ(θ)> ds = 0.n->oo y
Since ϋπι^-κ» TM = T (see (1)) for a.e. ω G Ω, ΕΔ^2(Γ) < oo and
τ
J / Δρ1^))^)!!v.de = 0. (14)
TM
Let ε > 0. There exists a natural number K = Κε such thatBereitgestellt von | Technische Universität Berlin
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f
TK
Relation (14) implies
l
E /{£(*), Z„(*)-Z* fr(s))ds
TK
l<n
1/2
for all n E IN.
From the (almost surely) uniqueness of the Solutions of
respectively, we conclude that
TK TK
E i \\Zn(s)-Z%(s)\\lrds = E
o o
Then for all n 6 IN we have
an<
^ (Ρη,ψη 7 η)>
= 0.
E
TK
o
TK
E
TK
E -h -
(16)
E
In the following we prove that there exists an ηε > 0 such that
< 2
for all n > ne. Analogous to (4) (see the proof of Theorem 4) we haveBereitgestellt von | Technische Universität Berlin
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E
ο
Hence (Z%) is a bounded sequence from £2·(Ω χ [Ο,Τ]). Consequently, by sequential
weak compactness there exists a subsequence (n'} of (n) and ZK G £?/(Ω χ [Ο,Τ]) such
that for n1 -» oo we have
Z*-Z* ίη£ 2 ν (Ωχ[0,Τ]) . (17)
As in the proof of Theorem 4.2 we can show that
 n>(X%,Z%} -± B(XK,ZK) and
Bn>(Z%,Y£) -± B(ZK, YK) in L\. (Ω χ [0,T]) for n1 -> oo. We take the limit n1 -> oo
in equation (P%ψ ,
 7 , ) > use the weak convergences given in the hypothesis and in
(17), then the strong convergences of (x%J to XK and of \Y*) to YK in the space
χ [Ο,Τ]) and Proposition 21.27 from p. 261 in [20]. Then we obtain
t
(ZK(t},v)+j(AZK(s),v}as
o
t
= (ao,v)+J'(B(XK(s)1ZK(s))+B(ZK(s),YK(S)),v)ds
o
t t
ϊ,ν^+Ι&^ΖΧ^^άνω+Ιρω^άνιω
0
t
+
0
for all v G V and P χ Λ a.e. (ω, t) G Ω χ [Ο,Τ]. The (almost surely) uniqueness of the
solution of equation (P^r) iniplies that
Ζκ(ω,ή = Z£r(u;,£) for P χ Λ a.e. (ω,t) G Ω χ [Ο,Τ].
Hence
We also see that each weakly convergent subsequence of (z% J converges weakly to the
same limit Ζψ|Γ. Therefore, the whole sequence (Z^J converges weakly to Z,£r in
£^(Ω χ [Ο,Τ]) (see [19] Proposition 10.13, p. 480).
Hence, there exists ηε > 0 such that for all n > ηε we have
TK
E ί(ξ(8
o
Using (16) we deduce that
τ
E
o
< ε for all n > ηε
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and consequently,
τ
lim Ε /(£(s),Z„(s)-Z«.rM)ds = 0.
ο
l
fes), Zn(s) -
/
Because XV· (Ω χ [Ο,Τ]) is dense in L\. (Ω χ [Ο,Γ]) and AyZn, Δγ-ΖΦ)Γ € £ξ·(Ω χ [Ο, Τ])
(we do not know whether Zn, ΖΦΙΓ G £^(Ω x [0>Γ])) we conclude that for n -» oo
in £^(Ω χ [Ο,Γ]). (18)
We want to prove that for all ξ € P v (Ω) we have
limE(Z*.r(T)-Zn(r),0 = 0. (19)
n— >oo
Let ξ = νφ 6 £ν(Ω), ε > 0. There exists an index ΛΓ 6 IN such that for all n € IN we
get
- Ζη(Τ),ν)φ\ < |Ε(Ζ«,Γ(Γ) - Ζη(Τ),Εκν)φ\ (20)
sup
< |E (Z*,r(T) - Zn(T), Hjf υ)^| + | .
In the second inequality we have used (13). From (Ρη,ψη) and (P*,r) we conclude that
T T
+E ^ <Φ(«) - J^nW, nKv)ds -l· E 0^(0(5, ΖΦ)Γ(5) - Zn(*)), Π*ν) du;(e)
0 0
T
In the above equation we take the limit n ->· oo, use the weak convergence (18) and
obtain that there exists an ηε > 0 such that
|Ε(ΖΦ,Γ(Γ) - Ζη(Τ),Πκυ)φ\ < | for all n > ne.
We use (20) to deduce that
|E (ΖΦ)Γ(Τ) - Ζη(Τ),υ)φ\ < ε for all n > n f f.Bereitgestellt von | Technische Universität Berlin
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Hence (19) yields. Since Ρν(Ω) is dense in £^(Ω) *-> ^(Ω) and since we have
Ay (T)Zn(T), Δ>'(Γ)ΖΦ>Γ(Τ) G £π(Ω) (note, we do not know whether Ζα(Τ), Ζψ,Γ(Τ) G
£# (Ω)) we conclude that
|r n , .
Lemma 4.3 is proved.
Remark 4.4
1) Theorem 4.2 hold also under weaker assumptions on (/, namely, Q(t, ·) must not be
linear. Of course then the proof of the theorem must be changed.
2) If in the above lemma we assume that
τ τ
Ε/||Φ(ί)||4κ. dt < oo, E|||r(i)||4d* < oo
0 0
and for all n G IN
τ r
Ej\\1>n(t)\\4dt < oo, E|||7nWI|4di < oo,
0 0
then for n ->· oo we have
E sup
i€[0,T]
<
 Cl [E Haoll4 + E |||*(S)||4v.ds + E |||r(S)||4ds]
and
E sup
tG[0,T]
T
< ci [E Haoll4 + E ||Ws)||4d5 + E |||7(s)||4d5] .
This estimates one can deduce by using the Ito formula and properties of the stochastic
integral (for more details see [2], Proposition B.2). We also can prove that
^n,Vn,7n -" ^Φ,Γ in £ν(Ω χ [Ο,Τ])
and
This stronger convergences hold, because Zn ψηι7η, Ζψ r € C\ (Ωχ [0, T]) and Z„ ^n 7n (Γ),
€ £?,(Ω). Bereitgestellt von | Technische Universität Berlin
Angemeldet
Heruntergeladen am | 04.10.18 15:22
A special evolution equation 45
5. LINEAR APPROXIMATION OF THE SOLUTION OF THE STOCHASTIC NAVIER-
STOKES EQUATION
In this section we show how equations of the type (ΡΨ,Γ) can be used to develop a linear
approximation method for the stochastic Navier-Stokes equation (21).
Before we give the definition for the solution of the stochastic Navier-Stokes equation
we need some additional hypothesis:
(ix) C : [Ο, Τ] χ H -> H is a mapping such that
(a) ||C(t,u) - C(t, t;)||2 < A||u - v\\2 for all t G [0,T], u, v € #;
(b) C(*,0) = 0 f o r a l l < 6 [0,T];
(c) C(-,t;) G £^[0,Γ] for all t; G H.
(χ) Φ : [Ο, Τ] χ /i -» H is a mapping such that
(a) ||Φ(ί,ι*) - Φ(Μ)ΙΙ2 < μ||Ν - v||2 for all t € [0,T], u,v € #, where μ is a
positive constant;
(b) Φ(ί,0) = ΟίοΓ &1Π€[0,Τ];
(c) Φ(-,ν) € £^[0,T] for all t; € ff.
(xi) x0 is a H-valued ^Ό-measurable random variable such that ^||xo||4 < oo.
Definition 5.1 We call a process (u(t)} from the space £^(Ω χ [Ο,Τ]) with
E ||£/(£)ll2 < oo for all i € [0, T] a solution of the stochastic Navier-Stokes equation if it
satisfies the equation:
(U(t),v)+f(AU(8),v)ds = (x0iv)+l(B(U(s)1U(s)),v)ds (21)
0 0
t t
+ |(Φ(5, C/W), v) ds +j(C(s, U(s)),v)dw(s)
0
for all v € V, t G [0, T] and a.e. ω G Ω.
Remark 5.2. If we set n = 2, G C Rn (the domain of flow),
V = {u eVV* (G) : divu = 0}, H = VL*
and
t=l * l '°*,J=1
for u,υ, 2 € V, t G [Ο,Γ], then equation (21) can be transformed into
k w
t (22)
div [7 = 0, U(0,x) = U0(x), U(t,x) \dG= 0, t > Ο, χ G G.Bereitgestellt von | Technische Universität Berlin
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In hydromechanics this equation is known s the two dimensional stochastic Navier-
Stokes equation.
For each n = l, 2 ,3 , . . . we consider the evolution equation with additive noise
t t
(Pn) (Un(O.f) + i(Aun(s),v)ds=(xQ,v)+J(B(un-l(s),Un(S)),v)ds
0 0
t t
+ ^Φ(5, un-i(e)), v) ds +y(C(e, u„_i(e)), v) du;(5),
for all t· G V, i G [Ο,Γ], and a.e. ω G Ω, where uQ(t) = 0 for all t € [0,T] and a.e.
ω Ε Ω.
Remark 5.3.
1) In equation (Pn)5 considering that w„_i is known, the operators A and B depend
linearly on un and the noise is additive with respect to un.
2) The approximation method given in this section holds also, if the sequence of ap-
proximations (un) Starts with uo(t) :— ZQ for all t € [0,T] and a.e. ω € Ω.
THEOREM 5.4
(i) The Navier-Stokes equation (21) has a solution U € £y(fl χ [Ο,Γ]), which is almost
surely unique and has almost surely continuous trajectories in H.
(ii) There exists a positive constant c such that
τ/
E sup \\U(t)\\4 + E ( f\\U(s)\\2v ds)2 < cE Hxoll4 .
E[0,T] \J '*€ ,Τ
The proof of this result can be found in [3] (Theorem 2.2, Lemma 3.5).
THEOREM 5.5 For each n G IN equation (Pn) has an almost surely unique solution
un £ £>\'(Ω x [Ο,Γ]) with almost surely continuous trajectories in H.
Proof. We prove the Statement by induction. We apply successively Theorem 4.2 on
ΖΦ,Γ := tin, a0 := XQ, X := un-i,Y := 0,a0 := XQ, *(s) := Φ(«,Μη-ι(β)), Γ :=
C(s,^„_i(5)), '= 0. The theorem is proved.
Now we establish some properties for the Solutions of the equations (Pn), n G K.
LEMMA 5.6 There exists a positive constant c\ (depending only on λ, μ, ι/, and T) such
that each of the expressions
sup E|Mi)||4, E([\\un(s)\\2vds}2
60,T W '< [0, ]
(n = l, 2, . . .) is iess thau or equal to CiE ||zo||4·Bereitgestellt von | Technische Universität Berlin
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Proof. Let n € IN. We define
z(f) = e-(9A+5^', ί€[0 ,Γ] .
Using the Ito formula, the properties of ^ 4, , Φ, and C and some elementary calculations,
we obtain
t t
z(s)\\un(s)\\2vds < \\χ»\\2 + (Χ + ^ Ιζ(8)\\ηη-ι(3)\\2ά8 (23)
0
t
+2 1 z (s)(C(s, «„-ι (β)), «»(*)) du-(s)
0
and
t
2(3λ + ^μ) ~z(s)\\un(s)\\*as
0 0
t
(24)
0
Hence, there exists a constant 02 > 0 (independent of τι) such that
τ
sup E IMOII4 + 2(3λ 4- v^)E /||un(5)||4 ds < c2E ||x0||4. (25)t6o,T y
In (23) we square both sides of the inequality. Then we use the properties of the
stochastic integral and those of the Lebesgue integral to obtain
< 3E||x0||4
where 03 is a positive constant depending on λ, μ, and T. Taking into account (25)
and the properties of z, it follows that there exists a constant c* depending on (λ, μ, ν
and T) such that
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The lemma is proved.
We define
e(0 = Ac/(Oexp{-(A +
for all t G [0,T] and a.e. u; G Ω and introduce the following notations:
**(0 = Σ>(ί)ΙΚ(ί) - IWII2, (26)
n=l
N
(27)
n=l
where N is a, natural number, t G [Ο,Τ], ω G Ω.
Next we will prove that the approximations (un) converge in mean square to the
solution U of the stochastic Navier-Stokes equation (21).
THEOREM 5.7. The following convergences hold:
τ
lim E f\\un(s)-U(s)\\2vds = U
n— ¥00 J
0
and
lim E ||tin(t) - U(t)\\2 = 0 for all t G [0, T].
n— foo
Proof. Let n G IN. Using (21), (P„) and the Ito formula we obtain
t
e(t)||ti„(t) - C/WII2 + *e(*)(Aun(8) - .Atf W,un(*) - E/(e)>d5 (28)
0
t t
||2v||U„(s) - C/(s)||2ds - (λ + rfl) f e(s)\\un(s) - U(s)\\'ds
0 0
t
0
t
+Je(8)\\C(*> tin-i W) - C(5, l/(5))||2 d5
ο
t
4-2
ο Bereitgestellt von | Technische Universität Berlin
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for all t E [0,T] and a.e. ω G Ω. From the properties of B we can derive the following
estimate:
2{ («fl.1(e),u„(e)) - B(U(s),U(s)),un(s) -U
_1(e) - U(s),un(s) - U(s)), U(s))
!Ι2ν-|Κ-ι(5) - U(s)\\2 + ±\\U(s)\\l,\\un(s) - i/
for all 5 € [0,T] and a.e. ω G Ω. Using this estimation and the continuity of C in (28),
we obtain
t
Zv_ f
* "2 y c (
o
t
t
< ~Je(s)\\un-1(s)-U(s)\\2vds
2 d5
Il^n-i W -
fcr all i G [0, T] and a.e. u; € Ω.
Summing up these relations for n = l to an arbitrary natural number ΛΓ, we get
t t
4- z^
o o
t
e(s)\\uw(s) — i/(s)||2d5
o
• ( A -
0Bereitgestellt von | Technische Universität Berlin
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- U(s)\?ds
for all i G [Ο,Γ] and a.e. u; G Ω, where s,v and S,v are defined in (26) and (27). But
0 < e(s) < l and UQ(S) = 0 for all 5 € [Ο,Γ], a.e. ω G Ω. In the above estimation we
take the mathematical expectation, apply Theorem 5.4, then it follows that there exists
a positive constant c, which does not depend on /V, such that
τ
i/E SN(s)ds
o
< E y (£||I/W|fr + (λ + V&\\U(s)\\2 + ^\\U(8)\\*v\\U(s)\\*) ds < c
o
for all t G [Ο, Γ] and all natural numbers N. Consequently, for all t G [0, T] we have
00 00 *
Y^Ee(t)\\un(t) - U(t)\\2 + *f)E ie(s)\\un(s) - [/(s)||2vd5 < c
n=l n=l J
Hencc
T
lim Έ e(s}\\un(s) - {/(s)||?/ d5 = 0
n—*oo J
0
and for all t G [Ο,Γ] we have
lim Ee(i)|K(i)-i/(i)||2=0.
Tl~~^OO
We take TM := Τΐτ. It follows that for each fixed natural number M we have
TAI
lim E Λ|ιζη(β) - [/(5)||2vd5 = 0 and lim E\\un(TM) - ί/(ΓΛ/)||2 = 0.
n—*oo J n—>oo
0
First we apply Proposition 4.1 for T := Γ,
T
o
use Lemma 5.6 and Theorem 5.4 to obtainBereitgestellt von | Technische Universität Berlin
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l
lim E [\\un(s)-U(s)\$ds = Q.
n-*oo J
Let t G [Ο,Γ]. Now we apply Proposition 4.1 for T := *, Qn(T) := ||un(T) - E/(T)||,
use Lemma 5.6 and Theorem 5.4 to get
lim E||un(*)-C/(i)!|2=0.
n—*oo
Thus Theorem 5.7 is proved.
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